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Abstract
A duality property for star products is exhibited. In view of it, known star-
product schemes, like theWeyl-Wigner-Moyal formalism, the Husimi and the Glauber-
Sudarshan maps are revisited and their dual partners elucidated. The tomographic
map, which has been recently described as yet another star product scheme, is con-
sidered. It yields a noncommutative algebra of operator symbols which are positive
definite probability distributions. Through the duality symmetry a new noncom-
mutative algebra of operator symbols is found, equipped with a new star product.
The kernel of the new star product is established in explicit form and examples are
considered.
Introduction
Star-products, originally introduced in the context of the quantization problem, have
recently attracted new interest partly because of their appearance in Noncommutative
Geometry. Among the different star-product schemes known in the literature since many
years, the Weyl-Wigner-Moyal formalism [1, 2, 3], which consists of an invertible map
from (Hilbert-Schmidt) operators onto (Schwartzian) functions on R2n with the Moyal
product, plays a distinguished role. Various modifications of such type of maps exist
yielding new operator symbols, analogous to Wigner functions, known in the literature
as the Husimi Q-function [4], the P-function introduced in [5, 6] and s-ordered quasi-
probability distributions [7]. In a modern language we recognize these sets of symbols as
noncommutative associative algebras equipped with a noncommutative (star) product.
As anticipated above, the interest in star products, which have been intensively studied
for long time, has recently received new impulse (a very partial list of references is [8,
9, 10, 11, 12, 13, 14, 15, 16, 17]). One of the reasons is certainly the emergence of
Noncommutative Geometry in relevant sectors of physics like field theory, where it came
out that the dynamics of strings in the presence of a magnetic field is described by a
noncommutative geometry associated to the Moyal product [18]. Since then, field theories
on Moyal-type spaces have been scrutinized extensively; good reviews are [19, 20]. The
new products are most often either products of finite matrices (the fuzzy algebras [21])
or can be reduced to the Moyal product. Recently, [22] a general method is proposed,
which produces various new non-formal star products on R3 using a variation of the
Jordan Schwinger map [23]. The method includes previous results of [24] and it is easily
extendable to higher dimensions [25].
In a different setting it was recently established [26, 27] that the symplectic [28, 29] and
spin [30, 31] tomography, which furnish alternative formulations of quantum mechanics
and quantum field theory [33], can be described as well within a star-product scheme.
Moreover, in [27] different known star-product schemes were presented in a unified form.
There, the symbols of the operators are defined in terms of a special family of operators
using the trace formula (what we sometimes call the ‘dequantization’ map because of its
original meaning in the Wigner-Weyl formalism), while the reconstruction of operators
in terms of their symbols (the ‘quantization’ map) is determined using another family of
operators. These two families determine completely the star-product scheme, including
the kernel of the star-product.
The two families of operators allow to express any of the operators belonging to the
space of linear operators as a combination of them. Moreover, they are dual to each other.
Indeed, the key observation of the present article is that their role can be exchanged,
without violating the consistency of the scheme. This implies that the family of operators
originally used in the reconstruction map (from functions to operators) can be used instead
in the ‘dequantization’ map to determine a different set of symbols which is a different
noncommutative associative algebra, dual to the original one, with a new star product.
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This duality symmetry is not specific to the tomographic map. The latter is just an
example where it produces a new noncommutative algebra, whose nature is still to be
fully understood. It is instead a property of the star-product scheme as it appears in the
unifying form described in [27]. The symmetry could yield to interesting results in other
relevant cases as those considered in [22, 25], which we plan to investigate later.
The paper is organized as follows. In sec. 1 we review the general building scheme for
the star-product of operator symbols using two families of basic operators. In sec. 2 we
introduce the duality symmetry and the dual star product. In section 3 we investigate the
duality property of known star-product schemes. The Weyl-Wigner-Moyal formalism will
result to be self-dual, as already known in various forms, while the so called s-ordered sym-
bols will show a duality relation between normal-ordered (s=1) and antinormal-ordered
(s=-1) symbols. In section 4 we review the tomographic map (symplectic tomography)
and the star-product construction of the operator-tomograms. In Sec. 5 we introduce the
dual tomographic map and study its properties. Moreover, we derive the kernel of the
star-product for the dual tomographic symbols. Although the noncommutative algebra
of symbols and the related star-product where already established, the dual algebra and
the new star-product, discovered thanks to the duality symmetry, were not known to our
knowledge. Conclusions and perspectives are given in Sec. 6.
1 The star product
In this section we review a general construction for the symbols of operators acting in a
Hilbert space H. We follow the presentation and the notation of [27].
Given an operator Aˆ acting on the Hilbert space H (which can be finite or infinite-
dimensional), let us have two basic families Uˆ(x¯) and Dˆ(x¯) acting in H. The families are
labelled by a vector x¯ = (x1, ...xN ). The parameters xk, (k = 1, ..., N) can be continu-
ous (real or complex) or discrete. The symbol fA(x¯) of the operator Aˆ is the function
depending on the vector x¯ defined by the formula
fA(x¯) = Tr(AˆUˆ(x¯)). (1.1)
We assume that the trace exists for all the parameters x¯. The introduced function is
understood as a generalized function. The second family of operators, Dˆ(x¯), serves to
reconstruct the operator if one knows its symbol, that is
Aˆ =
∫
fA(x¯)Dˆ(x¯)dx¯. (1.2)
We assume that an appropriate measure dx¯ exists to make sense of the reconstruction
formula. If there are discrete components xk the integral (1.2) splits into a sum over the
discrete components and an integration over the remaining continuous ones.
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The symbols form an associative algebra endowed with a non-commutative (star)
product inherited by the operator product. The associativity follows from the associativity
of the operator product Aˆ(BˆCˆ) = (AˆBˆ)Cˆ. This defines for the symbols the star product
fA ∗ fB(x¯) = fAB(x¯) =
∫
fA(x¯1)fB(x¯2)K(x¯1, x¯2, x¯)dx¯1dx¯2, (1.3)
where the kernel K must satisfy the nonlinear equation∫
K(x¯1, y¯, x¯)K(x¯2, x¯3, y¯)dy¯ =
∫
K(x¯1, x¯2, y¯)K(y¯, x¯3, x¯)dy¯ (1.4)
obtained by imposing the associativity condition. Let us get the expression of the kernel
of the star product in terms of the operators Uˆ(x¯) and Dˆ(x¯). To obtain it we take (1.2)
for an operator Aˆ and multiply it on the right by an analogous expression for an operator
Bˆ. Then we calculate the symbol of this product by means of (1.1) and we obtain
fAB(y¯) =
∫
Tr
(
fA(x¯)Dˆ(x¯)fB(x¯
′)Dˆ(x¯′)Uˆ(y¯)
)
dx¯dx¯′. (1.5)
Comparing this expression with (1.3) we have
K(x¯1, x¯2, y¯) = Tr(Dˆ(x¯1)Dˆ(x¯2)Uˆ(y¯)). (1.6)
Because of the construction of the kernel and the associativity of the operator product
we are guaranteed that (1.6) satisfies the nonlinear equation (1.4).
Writing the formula (1.1) in view of (1.2) one has
fA(x¯) = Tr
{[∫
fA(x¯
′)Dˆ(x¯′)dx¯′
]
Uˆ(x¯)
}
(1.7)
and, assuming we can exchange the trace with the integral, we arrive at the equality
fA(x¯) =
∫
dx¯′
[
Tr Dˆ(x¯′)Uˆ(x¯)
]
fA(x¯
′). (1.8)
The compatibility condition for Eqs. (1.1)-(1.8) requires then
Tr Dˆ(x¯′)Uˆ(x¯) = δ(x¯′ − x¯), (1.9)
where δ is to be replaced with the Kronecker delta for discrete parameters. Going back
to (1.6), it is to be stressed that the kernel of the star product has been obtained solely
in terms of the operators D(x¯) and U(x¯), which in turn are only constrained by (1.9).
Thus, to each pair of operators satisfying (1.9) it is associated a associative algebra with
a star product. The role of D(x¯) and U(x¯) can be exchanged, what gives rise to a duality
symmetry.
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2 The dual map and the dual star-product
The two families of operators Uˆ(x¯) and Dˆx¯) are connected by the equation (1.9). This
implies that they can be interpreted as orthogonal families in the space of operators. In
facts, it is well known that the linear structure in the space of operators (matrices) allows
to consider them as vectors (see for example [32]). The trace of two operators is equivalent
then to the standard scalar product in the linear vector space. In this context the symbol
of an operator defined by means of the family Uˆ can be treated as a projection onto the
‘vector’ Uˆx¯ ≡ Uˆ(x¯). But the ‘vectors’Dˆx¯ ≡ Dˆ(x¯) provide a dual family since their scalar
product with the vectors Uˆx¯ is equal to a delta function. In view of this geometrical
picture it is obvious that one can define a dual symbol f
(d)
A (x¯) of an operator Aˆ using the
projection on the dual family Dˆx¯, i.e.
f
(d)
A (x¯) = Tr(AˆDˆ(x¯)). (2.1)
The reconstruction formula for the operator Aˆ reads then
Aˆ =
∫
f
(d)
A (x¯)Uˆ(x¯)dx¯ (2.2)
which means that we have exchanged the role of Uˆ and Dˆ in our previous formulae (1.1)
and (1.2). This duality property being simple, provides new nontrivial symbols and a new
associated star product with a new kernel in all cases where the operators Uˆ and Dˆ are
essentially different. From Eq. (1.6) the expression for the kernel of the dual star product
is easily derived to be
K(d)(x¯1, x¯2, y¯) ≡ Tr
(
Uˆ(x¯1)Uˆ(x¯2)Dˆ(y¯)
)
. (2.3)
3 The Weyl-Wigner and the s-ordered maps
In this section we review known examples of quantization-dequantization maps from the
viewpoint of the duality property illustrated above.
Given an operator Aˆ acting in the Hilbert space of square integrable functions ψ(x)
on R, the Wigner-Weyl symbol of Aˆ and the reconstruction map are defined by means of
the families of operators
Uˆ(x¯) = 2Dˆ(α)(−1ˆ)a†aD(−α) (3.1)
Dˆ(x¯) =
1
2pi
Uˆ(x¯) (3.2)
where (−1ˆ)a†a is the parity operator. We may use a symplectic notation for the real vector
and write x¯ = (q, p). The annihilation and creation operators a and a† read
a =
1√
2
(qˆ + ipˆ), a† =
1√
2
(qˆ − ipˆ). (3.3)
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The unitary displacement operator (complex Weyl system) realizing the ray representation
of the group of translations of the plane is of the form
Dˆ(α) = exp(αa† − α∗a) (3.4)
with α = (q + ip)/
√
2. Using known properties of this operator
(−1ˆ)a†aDˆ(α)(−1ˆ)a†a = Dˆ(−α) (3.5)
Tr Dˆ(α) = piδ(Re α)δ(Im α) (3.6)
one can check that
Tr Uˆx¯Dˆx¯′ = δ(q − q′)δ(p− p′). (3.7)
The Weyl symbol of the operator Aˆ reads
fA(q, p) = Tr(Uˆ(x¯)Aˆ) (3.8)
which in coordinates representation becomes
fA(q, p) =
∫
A(q +
u
2
, p− u
2
)e−ipudu (3.9)
with A(x, x′) = 〈x|Aˆ|x′〉. For the density operator ρˆ of a normalized state the Weyl
symbol is exactly what is known as the Wigner function of the quantum state
W (q, p) =
∫
ρ(q +
u
2
, p− u
2
)e−ipudu. (3.10)
Moreover the Weyl symbol of the identity operator is f1(q, p) = 1 where 1 is the identity in
the algebra of functions on R2, whereas the Weyl symbols of the position and momentum
operators are fq(q, p) = q, fp(q, p) = p. The operator Aˆ can be expressed in terms of its
Weyl symbol by means of the reconstruction formula (1.2)
Aˆ =
1
pi
∫
fA(q, p)Dˆ(α)(−1ˆ)a†aDˆ(−α)dqdp (3.11)
which, specialized to the density operator, yields the well known relation between the
density operator and the Wigner function. In coordinates representation it reads
ρ(x, x′) =
1
2pi
∫
W (
x+ x′
2
, p)eip(x−x
′)dp. (3.12)
The algebra of symbols is what is known as the Moyal plane, that is a noncommutative
algebra of functions on R2 with the Moyal product. The kernel is easily obtained spe-
cializing (1.6) to this case and using Eq. (3.5) together with the product rule for the
displacement operators
Dˆ(α)Dˆ(β) = D(α + β)ei Im(αβ∗) (3.13)
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Thus we reduce the calculation of the kernel to evaluate a trace of the form (3.6). The
final result may be written in the form
K(q1, p1, q2, p2, q3, p3) =
1
pi2
exp {2i [q1(p2 − p3) + q2(p3 − p1) + q3(p1 − p2)]} (3.14)
or equivalently
K(α1, α2, α3) =
1
pi2
exp {4iIm [(α∗1α2 + α3α∗2 + α1α∗3)]} . (3.15)
As from (3.1), (3.2), in the Wigner-Weyl-Moyal formalism the operators Uˆ(x¯) and Dˆ(x¯)
coincide up to a numerical factor, which implies that this scheme is selfdual. That is, the
duality operation doesn’t produce a new algebra of symbols nor a new star-product.
3.1 s-ordered symbols
In [7] s-ordered quasidistribution functions which are s-ordered symbols of density oper-
ators were introduced as a generalization of the Wigner, Husimi and Glauber-Sudarshan
distribution functions. Later on it has been realized that these symbols, together with
their reconstruction formulas, may be obtained through the two families of operators
Uˆs(x) and Dˆs(x), x¯ = (q, p) of the form
Uˆs(x) =
2
(1− s)Dˆ(α)
(
s+ 1
s− 1
)a†a
Dˆ(−α) (3.16)
Dˆs(x) =
1
2pi
Uˆ−s(x) (3.17)
where s is a real parameter. Moreover s-ordered symbols may be considered not only
for the density operator but for a generic operator Aˆ according to the general scheme
presented in the previous sections. The case s = 0 corresponds to the standard Wigner−
Weyl situation described above. In the limit s = ±1 we have respectively the diagonal
representation of the density matrix (P-function) by Sudarshan [5] and Glauber [6] and
the Q-quasidistribution [4]. The star-product kernel of s-ordered symbols is calculated
along the same lines than the Moyal kernel (3.15), thus yielding [27]
K(α1, α2, α3) =
1
(1− s2)pi2 exp
{
2
1 + s
(α∗1α2 − α2α∗3 − α3α∗1)
+
2
1− s(α3α
∗
2 + α1α
∗
3 − α∗2α1) +
4s
s2 − 1 |α
3|2
}
(3.18)
to be compared with (3.15). It is important to stress that the two limiting cases corre-
sponding to s = ±1 are in the duality relation discussed previously. In particular, the
Husimi Q-function and the P-function are dual symbols of the density operator in such
limit cases. They belong to two different associative noncommutative algebras, with dif-
ferent star-products. It is already known that the two quantum schemes correspond to
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normal and antinormal ordering of the creation and annihilation operators. The duality
symmetry then connects the two orderings. The Wigner-Weyl Moyal quantization scheme
selects instead the symmetric ordering, consistently with its being selfdual.
Another simple example of a consistent pair of operators Uˆ(x¯), Dˆ(x¯) producing a
noncommutative algebra and a star product in the sense of (1.1), (1.3), is provided by the
pair
Uˆ(x¯) =
1√
2pi
eiµqˆ+iνpˆ, Dˆ(x¯) = Uˆ †(x¯) (3.19)
with x¯ = (µ, ν), µ, ν, real. This construction amounts to consider the Fourier transform of
the Weyl symbol of the operator Aˆ. That is, the symbol fA(µ, ν) = Tr(Uˆ(x¯)Aˆ) is related
to the Weyl symbol as
fA(µ, ν) =
1√
2pi
∫
fA(q, p)e
iµq+iνpdqdp. (3.20)
The reconstruction formula reads instead
Aˆ =
1√
2pi
∫
e−iµqˆ−iνpˆfA(µ, ν)dµ dν. (3.21)
It is evident from Eq. (3.19) that the dual star-product construction corresponds to
the replacement µ, ν → −µ,−ν or, from Eq. (3.20), to the replacement fA(q, p) →
fA(−q,−p). The kernel of the star-product for the introduced symbols can be calculated
as the trace of the product of three exponents
K(µ1, ν1, µ2, ν2, µ3, ν3) =
1(√
2pi
)3 Tr(eiµ3qˆ+iν3pˆe−iµ1qˆ−iν1pˆe−iµ2qˆ−iν2pˆ) (3.22)
which yields
K(µ1, ν1, µ2, ν2, µ3, ν3) = (2pi)
3/2δ(µ1 + µ2 − µ3)δ(ν1 + ν2 − ν3)
exp
[
i
2
(µ3ν1 − µ1ν3 + µ3ν2 − µ2ν3 + µ2ν1 − µ1ν2)
]
. (3.23)
4 The tomographic map
The tomographic map was originally introduced in [28, 29] to solve an old issue in quantum
mechanics, namely to provide a description of quantum mechanics which were directly in
terms of probability distributions (see also [33, 34]). Because of its original scope the map
with its inverse was in the beginning proposed only for the density operators, as it was
the case for the distribution functions of Wigner, Glauber-Sudarshan and Husimi.1 It was
immediately clear that the space of distributional functions associated to density operators
1In such context it is also referred as the probability representation of quantum mechanics because the
quantum states are described by families of probabilities.
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(the density matrix tomograms) is not a commutative one but it took some time to realize
that it could be described within a star-product scheme [26, 27]. In [26, 27] it was also
understood that the scheme is actually more general, that is, not only density operators
but a generic operator can be mapped into tomograms with a well defined associative
star-product, thus exhibiting a new example of noncommutative algebra which might be
interesting per se, independently from its original connection to quantum mechanics.
For the tomographic map the two families of operators Uˆ(x) and Dˆ(x) have been
shown to be
Uˆ(x¯) = δ(X 1ˆ− µqˆ − νpˆ) (4.1)
Dˆ(x¯) =
1
2pi
exp
[
i(X 1ˆ− µqˆ − νpˆ)] (4.2)
where x¯ = (X, µ, ν) ∈ R3. Thus one can prove [35] that the tomographic symbol of the
density operator, originally introduced in [28, 29] in the form
Wρ(X, µ, ν, t) = 1
2pi
∫
dk e−ikX Tr(ρˆeikXˆ) , (4.3)
with X = (µq+ νp), Xˆ = (µqˆ+ νpˆ), may be reexpressed by means of Eqs. (1.1), (4.1) as
Wρ(X, µ, ν) = Tr
(
ρˆδ(X 1ˆ− µqˆ − νpˆ)) (4.4)
where we are adopting the notation WA for the tomographic symbols. From this formula
it may be directly checked that Wρ is a probability density, that is
Wρ ≥ 0, and
∫
Wρ(X, µ, ν)dx = 1.
According to Eq. (1.3) the star product of two tomographic symbols WA,WB is
WA ∗WB(X, µ, ν) =
∫
dX1 dµ1 dν1 dX2 dµ2 dν2
WA(X1, µ1, ν1)WB(X2, µ2, ν2)K(X1, µ1, ν1, X2, µ2, ν2, X, µ, ν) (4.5)
where the kernel K, defined in Eq. (1.6) is given by
K(X1, µ1, ν1, X2, µ2, ν2, X, µ, ν) = Tr
(
Dˆ(X1, µ1, ν1)Dˆ(X2, µ2, ν2)Uˆ(X, µ, ν)
)
=
1
4pi2
exp
{
i
2
[
(ν1µ2 − µ1ν2 + 2X1 + 2X2)−
(
ν1 + ν2
ν
+
µ1 + µ2
µ
)
X
]}
δ (µ(ν1 + ν2)− ν(µ1 + µ2)) . (4.6)
In order to verify the compatibility condition (1.9) we can calculate the trace of the
product of the operators Uˆ(x¯) and Dˆ(x¯). It reads
Tr[Uˆ(x¯)Dˆ(x¯′)] =
1
2pi
eiX
′
Tr
[
e−iµ
′ qˆ−iν′pˆδ(X 1ˆ− µqˆ − νpˆ)
]
=
1
2pi
δ(νµ′ − µν ′) exp
{
i
2
[
2X ′ −
(
µ′
µ
+
ν ′
ν
)
X
]}
(4.7)
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Although expressed in unusual form, this is a three dimensional delta function in the
space of functions of (X, µ, ν). It can be easily verified observing that∫
f(X ′, µ′, ν ′)
1
2pi
δ(νµ′ − µν ′) exp
{
i
2
[
2X ′ −
(
µ′
µ
+
ν ′
ν
)
X
]}
dX ′ dµ′ dν ′ = f(X, µ, ν).
(4.8)
5 Dual tomographic map
In this section we address the problem of constructing the dual tomographic map by
means of the duality symmetry previously exploited. Following the prescription, the new
families of basic operators Uˆ and Dˆ are obtained exchanging the role of (4.1) and (4.2),
that is, we have now
Uˆd(x¯) =
1
2pi
exp
[
i
(
X 1ˆ− µqˆ − νpˆ)] (5.1)
Dˆd(x¯) = δ(X 1ˆ− µqˆ − νpˆ). (5.2)
This means that we associate with the operator Aˆ the symbol
W(d)A (X, µ, ν) =
1
2pi
eiX Tr(Aˆe−iµqˆ−iνpˆ). (5.3)
One can see that this function differs from the symbol determined by Eq. (3.20) just
by the factor [exp(iX)]/
√
2pi. The reconstruction formula for the dual tomographic map
reads
Aˆ =
1
2pi
∫
eiX
(
Tr Aˆe−iµqˆ−iνpˆ
)
δ(X 1ˆ− µqˆ − νpˆ)dX dµ dν
=
∫
W(d)A (X, µ, ν)δ(X 1ˆ− µqˆ − νpˆ)dX dµ dν. (5.4)
Integrating over dX we obtain
Aˆ =
1
2pi
∫ [
Tr Aˆe−iµqˆ−iνpˆ
]
eiµqˆ+iνpˆ dµ dν (5.5)
which is exactly Eq. (3.21).
The dual tomographic symbols satisfy the constraint
∂
∂X
(
e−iXW(d)A (X, µ, ν)
)
= 0 (5.6)
namely the dependence on X is factorized and it is just a phase.
Now we can calculate the kernel of the star product as
K(d)(x¯1, x¯2, x¯3) =
1
2pi
eiX3 Tr
[
δ(X11ˆ− µ1qˆ − ν1pˆ)δ(X21ˆ− µ2qˆ − ν2pˆ)δ(X31ˆ− µ3qˆ − ν3pˆ)
]
(5.7)
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Using the Fourier decomposition for the delta function we arrive at
K(d)(x¯1, x¯2, x¯3) =
1
4pi2|S12| exp
(
i
S12
V − i
2
S23S31
S12
)
(5.8)
where the volume V and the symplectic areas Sik read respectively
V = X¯[µ¯×ν¯] (5.9)
Sij = µiνj − µjνi (5.10)
and X¯ = (X1, X2, X3), µ = (µ1, µ2, µ3), ν = (ν1, ν2, ν3). The kernel for the ∗ commutator
of dual tomographic symbols is then
K(d)(x¯1, x¯2, x¯3) = K(d)(x¯1, x¯2, x¯3)−K(d)(x¯2, x¯1, x¯3)
=
i
2pi2|S12| exp
(
iV
S12
)
sin
(
S23S31
2S12
)
(5.11)
which in turn defines a Poisson bracket on the algebra of dual tomograms, if the commu-
tative limit is performed. We will deepen this analysis elsewhere.
5.1 Examples
In order to better understand what is the dual tomographic map it is worth establishing
the form of dual tomographic symbols for some relevant operators. From Eq. (5.3) we
have for the identity operator
W(d)1 (X, µ, ν) = eiXδ(µ)δ(ν). (5.12)
This is the identity in the space of dual tomograms. Analogously we find for powers of
momentum and position operators
W(d)qn (X, µ, ν) = (i)neiX δ(n)(µ)δ(ν) (5.13)
W(d)pn (X, µ, ν) = (i)neiX δ(µ)δ(n)(ν) (5.14)
where δ(n) is the n− th derivative of the Dirac delta function.
The density operator |α〉〈α| of the coherent state |α〉, is mapped to
W(d)α (X, µ, ν) =
eiX
2pi
e−
(µ2+ν2)
4 exp
[
iIm
(
α∗
(ν − iµ)√
2
)]
(5.15)
while the density operator |n〉〈n| of the Fock state |n〉 corresponds to
W(d)n (X, µ, ν) =
eiX
2pi
e−
(µ2+ν2)
4 Ln
(
µ2 + ν2
2
)
(5.16)
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where Ln are Laguerre polynomials; also, the dual symbol of the transition operator
|n〉〈m| has the form
W(d)m,n(X, µ, ν) =
eiX
2pi
e−
(µ2+ν2)
4
(
ν − iµ√
2
)m−n
Lm−nn
(
µ2 + ν2
2
)
. (5.17)
For comparison, we report the symbols related to coherent and Fock states in the standard
tomographic map. They are respectively
Wα(X, µ, ν) = 1√
pi(µ2 + ν2)
exp
[
−(X −
√
2 µ Re α− ν Im α)2
µ2 + ν2
]
(5.18)
and
Wn(X, µ, ν) = 1√
pi(µ2 + ν2)
exp
[
− X
2
µ2 + ν2
]
1
2nn!
H2n
(
X√
µ2 + ν2
)
(5.19)
where Hn are Hermite polynomials.
6 Conclusions
To conclude we point out the main results of the work. The duality symmetry of the
star product scheme described by Eqs. (1.1), (1.2), which provides dual algebras of
operator symbols was elucidated. Some known results which give raise to special families
of symbols relevant for quantum mechanics, like the quasi-distribution functions of Husimi
(Q-functions) and Glauber-Sudarshan (P-quasi-distributions) are shown to be connected
via the duality symmetry. The main result of the paper is the construction of the dual
tomographic map and the explicit calculation of the kernel for the dual star-product. This
yields a new noncommutative algebra, the algebra of dual tomographic symbols.
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